Differential Geometry Chapter 4

Surfaces in R3.

Definition 1 A co-ordinate patch of class C™ is a pair (U,x), where
U is an open subset of R? and x : U — R?® a mapping such that

1. X is of class C'™,

ii. x is 1-1 and x~ ' : Imx — U is continuous,

iii. The Jacobian matriz Jx(u) is of full rank for allu € U.

Definition 2 A surface in R? (of class C*) is a non-empty subset M C R?
such that for each p € M there exists a co-ordinate patch of class C*, (U,x),
with p € x(U) C M.

So surfaces can be described by a union of {(z;(u) , z2(u) , z3(u)) : u € U}.
Particular examples are {(u,v, f(u)) :ue€ U}, for f : U — R, known as
Monge patches. This gives the surface z = f(x,y).

It can be shown (see the course on Calculus of Several Variables) that
sets of the form {x € R?: g (x) = ¢}, when non-empty and where g satisfies

Jg(x) # 0, defines a surface. We say the surface is defined implicitly.

Definition 3 Let a(u) = (g(u), h(u), 0),u € I, be a curve in R with
h(u) > 0. Then

x (u,v) = (g(u), h(u)cosv, h(u)sinv)
i1s the surface of revolution about the x-azis.

Exercise 4 The curve a(u) = (rsinu, R+rcosu, 0),u € I, with R > r >

0, gives the torus
X (u,v) = (rsinu, (R+rcosu)cosv, (R4 rcosu)sinv).

Example 5 For real a,b,c not equal to 0, let

2 2 2
M:{xeR3:“’—+y—+Z—:1}.
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Since (a,0,0) € M we have M # ¢. Also

20 2y 2z
1900 = (3.2, %)
which is = 0 only if x = 0. But 0 ¢ M. Hence M 1is a surface.

Let M C R3 be a surface and f : R® — M a map. Choose y € R? so
f(y) € M. By the definition of M there exists a co-ordinate patch (U, x),
where U C R?, x (U) C M and f (y) € x (U). Hence x'f (y) € U.

To accommodate general situations in which M is not necessarily a subset

of a Euclidean Space we make the following definition.

Definition 6 f : R* — M is differentiable in M at y provided x 'f :
R3 — U C R? is C*™.

But in this course M C R? so we already have a definition of f : R? — R3
being C'*°. It can be shown that these definitions are equivalent.

In particular, a curve a : I — R? is differentiable in M provided « is a

curve, which implies « is C*°, and lies in M.

Definition 7 Let p € M and (U,x) a co-ordinate patch such that p €
x(U)C M. Sox'(p)=ug€U. Then

u — x(u,vy), defined for {u: (u,vy) € U}, is the u-parameter curve
m M,
v — x(ug,v), defined for {v: (ug,v) € U}, is the v-parameter curve
mn M.
Example 8 The surface w = {1u® + lyv? is defined by the one Monge patch
{(u, v, u* + l0°) : (u,v) € R*}.

The parameter curves are u — (u, vy, Liu® + lovd) and v — (ug, v, liud + lv?).

Definition 9 Let p € M. A vector v, in R® is a tangent vector of M
at p if vp 1s a velocity vector of some curve in M.

The set of all tangent vectors of M at p is the Tangent Space of M
at p denoted by T, (M) .



Examples of tangent vectors at x (u) = p would be x,(u) and x,(u).
These are the two columns of Jx(u) and, since this is assumed to be of rank

2, the x,(u) and x,(u) are linearly independent. Thus

Theorem 10 Let p € M and (U,x) a co-ordinate patch with x (u) = p.
Then vy € To(M) if, and only if, vy, can be written as a linear combination

of x,(u) and x,(u).
Proof not given. See Calculus of Several Variables. |
This result means that T,(M) is of dimension 2 and x,(u) x x,(u) is

orthogonal to T (M) .

Definition 11 A wvector field Y on M is a function assigning to each
p € M a tangent vector Y (p) € Tp(R3) (not T,(M)). A vector field Y on
M is a normal vector field on M if, for each p € M,Y (p) is orthogonal
to Tp(M).

For example, x, XX, is a normal vector field. Or

Lemma 12 If M = {x: g(x) = ¢} for some differentiable g : R®> — R, then
the gradient Vg is a normal vector field on M.

Proof Let v, € T, (M). The there exists a curve a : (—n,n) — M such that
a(0) = p and o/(0) = vp. Since a(t) € M we have g (a(t)) = ¢. The Chain
Rule gives

Vg (a(0)) e/ (0) =0, ie. Vg(p)ev,=0.

Thus Vg(p) is orthogonal to v,. True for all v, € T}, (M) means Vg(p) is
orthogonal to T, (M). True for all p € M means Vg is a normal vector field
on M. |

Example 13 Returning to M = {(u, v, {1u* + l5v?) : (u,v) € R*} | we have
Xy (u) = (1, 0, 2010) () and x, (u) = (0, 1, 200)
in which case

Xy () XXy (u) = (1, 0, 2610) )y X (0, 1, 2000) ) = (=200, =200, 1)

x(u

s a normal vector field on M.



Example 14 Returning to M = {x € R®: z?/a®> + y?/b* + 2%/c* = 1} the

normal at p € M s
2p1 2ps 2ps
@ )
P

Question How does the unit normal vector change as p changes?
Definition 15 If p € M, for each vy, € T, (M) defined
Sp(Vp) = =Vy,U

where U is a unit normal vector field. Sy is called the Shape Operator of
M at p.

To recall, V, ,U = U'(p + tv)|,_,, i.e. the initial rate of change of U as

you move from p in the direction of v. Also
Vi,V = va [fi] Ui (p) (1)
i=1

where, similarly, vy, [f] = f'(p +tv),_, is the initial rate of change of the
scalar-valued function f as you move from p is the direction of v. It was
shown that vy, [f] = Vf(p) @ vp, i.e. the component of the gradient in the

direction of travel.
Lemma 16 For each p € M, the operator Sy, : Ty, (M) — Ty, (M) is linear.

Proof Let v, € T, (M). Since UeU = 1 we have v, [U @ U] = 0 (there is no
change as we move). From an earlier lemma, v, [U ¢ U] =2V, U e U(p) =
—Sp(vp)eU(p). Thus Sp(vp)eU(p) = 0 which means that Sy,(vy,) € Tp(M).
Hence Sp : T, (M) — T, (M) .

To see it is linear let vp, wy, € T (M) and A, u € R. Then
Sp(AVp +1Wp) = —Vivpuw,U
= — (AVy, U+ uVy,U)
by earlier lemma
= ASp(Vp) + pSp(Wp).

4



Thus the linearity of S, follows from the linearity of the covariant derivative.
[

If Sp is measuring the instantaneous change of the normal it is therefore

measuring any change in the tangent space and thus of the surface.

We will denoted by S both the set of all S, for all p or for a representative
element from this set.

Question How to calculate Sp? It is a linear transformation and so it is
sufficient to calculate it’s effect on a basis. In the terms of p in a patch (U, x)
and basis would be {x,,x,}. There is a possible confusion here between an
open set U C R? and a normal vector field U. So now let N denote a unit

normal vector field on a surface.

Lemma 17 Letp € M and (U,x) a co-ordinate patch such thatp € x (U) C
M. Sop = x(ug) for some ug € U. Let Z be a vector field on x(U), so
Z =32y Uy, wherey : x (U) — R. Define zi(u) = y;(x(u)),1 <i <3, so
Z =32 2U. Then

Val?) = Y ) Ui,

Proof By (1) above

Here

0z

x, 5] = Vir(p) 0%, = 3 g—gj@) %% (o) = 2 (o)

by the Chain Rule. This gives the first stated result. There are no new ideas
in the proof of the second statement.
|



Lemma 18 Notation as before. With N a unit vector field on x (U).

Sp(xy) @xy, = N exy,
Sp(x,) ®x, = Nexy,,
Sp(xy) ex, = Nexy,
Sp(x,) @x, = N ex,,.

(What is meant here is that given p € x (U) there exists ug : z (ug) = p.
Then Sy, (x4 (1)) @ xu (1) = N (P) @ Xy (o), etc.)

Proof Choose Z = N in the previous lemma so N = Zle z; U; and

= o) ).

VXU(N) = Z

But for each p € x(U), the tangent vector x,, (p) lies in T}, (M) and so
is orthogonal to NV, i.e.

3
8IZ‘

:XU.N:ZIEZZ

Differentiating w.r.t. u,

3 3
8251;1- 8@ 8ZZ'
0= G+ = N o Xy + X, @ Vi (N)
=1 ;

which gives the first result. The other three follow similarly. ]

Remark Since x is a C*™ map it can be shown (see Calculus of Several
Variables) that x,, = X,,. Thus

Sp(xy) ®x, = N ex,, = N ex,,, = Sp(x,) ® Xy. (2)
In fact this result holds for all pairs of vectors in the Tangent Space.

Lemma 19 For all up, v, € Ty, (M) we have Sp(up) @ vp = Sp(vp) @ up.



Proof u, = kx, + Ix, and v, = sx, + tx,. Then

Sp(up) e vy, = Sp(kx, +1x,) e (sx, + tx,)
 (BSp(xa) +15p(x0)) ® (53, + 13,)
= kS, (%) @ Xy + ktSp(Xa) @ Xy + 1550 (X,) @ Xu + 1£S,(%0) ® X,
= ksSp(x,) @ x, + ktSp(x,) @ X, + 1sSp(xy,) ® X, + 1tSp(%,) ® X,
having used (2)
= Sp(a) @ b Sp(1,) @ ko + Sp(s3) @ B + Splt0) @ I,
= (Sp(sxy) + Sp(tx,)) ® kxy + (Sp(sxy) + Sp(tx,)) @ Ix,
— (Splxa) + Spltxe)) @ (kx, + Ix,)
= Sp(sx, + tx,) ® (kx, + 1x,)

= Sp(vp) ® up.

This results says that Sp, is a symmetric operator.

Given a patch (U, x) it is easy to calculate N ®X,,,... etc but how can we
use these to say something about the surface? One problem is that though

{xu,X,} is a basis the vectors may not be orthogonal.

If {e},, e} is an orthonormal basis of T}, (M) then the matrix of S, w.r.t.

P’ ©p
a c
b d

this basis is
where Sy (el) = ael+be? and S, (e}) = cel+del. But since S, is symmetric
1 2 2 1
c=e,e Sp(ep) =€, Sp(ep) =b.

Thus the matrix is also symmetric,

(0 4)



The eigenvalues of this are solutions of
? — (a+d)z— (b° —ad) = 0.
The solutions are real since the discriminant citifies
(a+d)> +4 (0* —ad) = (a —d)* + 46* > 0.

(This is the virtue of the matrix being symmetric).
Let k1(p), k2(p) be these eigenvalues.

If k1 = ko then S, (vp) = kv, for all v, € T, (M) where k is this common

value. In this case we say that p is an umbilic point.

If k1 # ko there exists, for each k;, an eigenvector v; = v; (p) say, which

we can assume are unit length.

Note that

kivievy = Sp(vi)evy=v;eS,(vy) since Spis symmetric

= kng o Vo

Since ki # ko we must have vi e vy = 0, i.e. v; and vy are orthogonal.

Further,

ki =Fkivievy =Sp(vi)evy=—-V, Nevy.

If k1 > 0 then, as we move from p in the vy direction V, N < 0, i.e. the
change in the normal has a component in the —ve v; direction. That means
the curve ’curves up to’ the normal. If k; < 0 then the curve 'down and

away’ from the normal.

Definition 20 The ki(p), ko(p) are the principal curvatures and vy (p)
and vy (p) the principal vectors of M at p.

Note that, w.r.t vi and vy, the Shape Operator S, has the associated matrix

kL 0
0 ko |’



which has determinant k;k, and trace ki + ko.

Linear Algebra The determinant and trace is the same for any matrix
associated with a given linear map and we can talk of the determinant and

trace of a linear map.

Since {x,, X, } is a basis of T}, (M) there exist e, f, g and h € R such that
Sp(xy) = ex, + fx, and Sp(x,) = gx, + hx,. Then, w.r.t this basis, S, is
represented by the matrix

e g
fon)

By our linear algebra observation we have eh— fg = k1ky and e+h = ki + ko.
But, how to calculate eh — fg and e + h?

From Lemma 18 we have
N e xy, = Sp(x,) @ x, = (ex, + [X,) @ X, = €x, ® X, + fX, ® X,
with three more to follow. This motivates giving labels as follows:
{=Nex,,, n=Nex,,=Nex,, and n =N ex,,.

Further, set £ =x,ex,, F =x,0x, =X, X, and G = X, ®X,. S0 six

values to calculate. The results of Lemma 18 become

m=el+ fG, l =eE+ fF,n=gF+hG and m=gE + hF.

)-GO

Taking determinants,

In matrix form,

m2 — In

kleZeh—fg: m

Solving the matrix equation

(0) et (5 ) ()

B 1 Fm—FEn Fl{— Em
- [2—FEG\ - Gm+Fn —G{+Fm |’



Then

2mF — /G — En

k ko = h =
1+ Ky =¢€e—+ 7RG

Definition 21 The Gaussian curvature of M at p is K(p) = ki(p) +
ko(p), the mean curvature of M at p is H(p) = 1 (ki(p) + k2(p)).

Note we can calculate K (p) and H(p) by the above formula and recover k;
and ky by solving 22 — 2Hz + K = 0.

Recall we assume that k; and ky are non both zero. So if K = 0 then
either k1 = 0 and ks # 0 or vice versa. In this case the surface “looks like”

a cylinder around p and we say it is parabolic.

If K > 0 then either k1 > 0, ks > 0 or k; < 0, ky < 0. In both cases the
surface bends towards (or away from) the normal, in whichever direction you
travel. That is the surface stays to one side of the tangent space. We say M
is elliptic at p.

If K < 0 then either k&1 > 0, ks < 0 or k; < 0, ks > 0. So in different
directions you bend towards and away from the normal. We say that M is

hyperbolic, or a saddle, near p.

Before we look at calculating these curvatures we state, without proof, a

celebrated result dues to Gauss.

Theorem 22 Theorema egreguim An isometry preserves the Gaussian

Curvature; Let F : .S; — Sy be an isometry between two surfaces. For every
p € S; we have K (p) = K (F (p)) .

Example 23 Find the Gaussian curvature of a surface of revolution
x:ur (g(u), h(u)cosv, h(u)sinv).
Solution

x, = (¢, W cosv, h'sinv), ) and x, = (0, —hsinv, hcosv),, -

10



Then
E = x,0x,=(g)" + (1),
F = x,ex,=—h cosvhsinv+ h'sinvhcosv = 0,

G = x,ex,=h°

So F? — EG = —h? ((¢')* + (W)?).

For the normal vector field

X, X Xy = (h'h, —g'hcosv, —g'hsinv) .

1/2

we have ||x, x x,|| = (1) + (¢")*)""". Thus
1 / / .
N = D (h', —g' cosv, —g smv)x(u),
where D = ((W')* + (g')2)1/2
Next
X = (¢", h"cosv, hsinv)
Xy = (0,—h'sinv, b’ cos U)x(u) ,
Xpo = (0, —hcosv, —hsinv) -
Then
g o N . l hl " lhll
m = Nex, =0,
N 1 hg'
= [ ] X’U’U = — .
n ho
Therefore
m? —In 1 1 1
K — —:_hl//_ lh// _h/
F2 - GFE D( g g )D gh2 ((g’)2+(h’)2)
g/ (h/g// _ g/h//)

h((g)* + ()3

11



In particular, for a torus, when g (u) = rsinu and h(u) = R + rcosu we
find

Cos U
" r(Rtrcosu)’
So there are hyperbolic (7/2 < u < 37/2), parabolic (v = 0 or u = 37/2)
or elliptic (0 < u < 7/2,37/2 < u < 27) points on a torus.

Example 24 Find the Gaussian curvature for the graph of w = {1u? + lyv?.
Solution we have
x, = (1,0, 2€1u)x(u) ; x, = (0, 1, 2€2u)x(u) ; Xuw = (0, 0, 261)x(u),
Xw = 0 and x,, = (0,0, 2€g)x(u).

So

x(u) »

1
N = 5 (—2€1u, —2621}, ].)

where D = (1 + 403u? + 46%1)2)1/2. Then E = 1+ 463u?;, F = 4llyuv; G =
1+ 4063v% m = 0; £ = 2(;/D and n = 2¢,/D. Hence

4010y

K = Di

Lemma 25 If v, w, € 1, (M) are linearly independent tangent vectors
then

Sp(Vp) X Sp(wp) = K(p)vp X W,
Sp(Vp) X Wp + vp X Sp(wp) = 2H(p) vp X Wp.

Proof Since v, and w;, form a basis for T}, (M) there exist real a, b, ¢ and d
such that

Sp(vp) = avp +bwp and  Sp(wp) = cvp + dwy,.

(0 0)

12
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is the matrix associated with S, w.r.t this basis. Then

K (p)=ad—be and H(p):%(anLd). (3)
But
Sp(Vp) X Sp(Wp) = (avp +bwp) X (cvp + dwp)
= (ad —bc)vp X W
= K(p) by (3).
Also
Sp(vp) X W v X Spl(wp) = (avp 4 bwp) X wp + vp X (cvp + dwp)

= avp X Wp +dvp X wp
= 2H(p)vp X Wp.
|

Definition 26 Assume V is a tangent vector field on M such that V(p) €
T, (M) for all p € M. Define S(V) a vector field on M by S(V)(p) =

Sp(V(p))-

The pointwise results of the last lemma can be written in terms of vector
fields V and W,

SV)yx S(W) = KV xW
SV)xW4+V xSW) = 2HV xW,

where K, H : R" - R, p— K (p) and p — H (p) respectively.

A result for vectors is the Lagrange identity

(VXW)o(axb): vea vVveb

wea web

This allows us to solve our system as

VeS(V)

K|V xW|?=(VxW)e(S(V)x S(W)) = W e S(V) ;oS(W)

13



So

VeS(V) VeS(W) '
1 VeS(V) VeSW) WeS(V) WeS(W)
TV WE | Wes(V) W-S(W)‘ Vel Ve
WeVlV WOW‘
Similarly
VeS(V) VeS(W)| | VeV — Vew |
1 WeV WeW WeS(V) WeS(W)
=3 VeV Vel
WeV WOW‘

Let Z be a normal vector field on M, normalized as Z/ || Z]|. Let V be a
tangent vector field on M. Then

by a result seen at the end of Chapter 2. Note that the second term is normal
to M. Let W be another tangent vector field so

1 1
S(W) = _WVW(Z> - W<W) Z.

Now choose Z =V x W and consider

1 1 1

1 1
+WV(M) ZxVw(Z).

Now dot with V' x W = Z. Note that V(Z), VW(Z) €T, (M) and Z is
orthogonal to T, (M) so Vy(Z2) x Z, Z xVw(Z) € T, (M) (remembering we
are in 3 dimensions). Then (V(Z) x Z)eZ =0 and (Z x Vi (Z))e Z = 0.

From above
KV X WIF = (VW) o (S(V) X SOV) = 2 (Vu(2) x T (2)) o 2

So
1

||ZH —— (Vy(Z2) x Vw(Z)) e Z.

14



Example 27 Find K for

2 2 2

X xr x
M:{xeR3 ;+—§+—§:1}.

ay ay aj

Solution. As seen earlier, for an implicitly given surface the gradient vector

is normal to the Tangent Space so we can choose

3
ZT;
E_Qi
A:l

2] = (z )

Let pe M,V =37 wU and W = 320 w,U; € Ty (M) where v;,w;
R3 — R. Then

ViZ = Zv{xl U, =

Similarly

[\3|>—l

Then

|&
ST leto

3 3
DRI L

=1 j5=1

Then

aa a3 dl aza?  a? dl

U1 Wa U2 wl
+( 55— - Us.
al a2 @2 al
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Thus

ZoNyZ xVwZ

Hence

X1 [ V2 W3 U3 W2 4 o (U3 W V1 w3
= 9\ 272 7 232 2\ 272 27 9
ai \a; aj as as az \ a3z ai ay as
T3 (vl Wy o w1>
2\ 27 2 T 272
1
= 5 5 9 (ZL’1,$2,$3).(VXW)
1
== 5 9 o (x17x27x3).Z
ayasag

R | z?’:x
afasai | Z)|*  atd3ae; \ = o
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